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Abstract. The global additive and multiplicative properties of 
(— i , the Laplacian on j— forms and related zeta functions are analyzed. 

' The explicit form of zeta functions on a product of closed oriented 

hyperbolic manifolds T\H d and of the multiplicative anomaly are 
C*~) ' derived. We also calculate in an explicit form the analytic torsion 

associated with a connected sum of such manifolds. 

> ■ 1. Introduction 

. The additive and multiplicative properties of (pseudo-) differential 

operators as well as properties of their determinants have been studied 
actively during recent years in the mathematical and physical liter- 

ov 

On 



23 



ature. The anomaly associated with product of regularized determi- 
nants of operators can be expressed by means of the non-commutative 
residue, the Wodzicki residue |] (see also Refs. P, |3j). The Wodz- 
o ' icki residue, which is the unique extension of the Dixmier trace to the 

wider class of (pseudo-) differential operators ||, f|, has been consid- 
ered within the non-commutative geometrical approach to the standard 
model of the electroweak interactions || |7], || and the Yang-Mills ac- 
tion functional. Some recent papers along these lines can be found in 
Refs. 1,0,0,0. 

The product of two (or more) differential operators of Laplace type 
can arise in higher derivative field theories (for example, in higher de- 



rivative quantum gravity JT3|). The zeta function associated to the 
product of Laplace type operators acting in irreducible rank 1 sym- 
metric spaces and the explicit form of the multiplicative anomaly have 



been derived in 1111 



Under such circumstances we should note that the conformal defor- 
mation of a metric and the corresponding conformal anomaly can also 
play an important role in quantum theories with higher derivatives. 
It is well known that evaluation of the conformal anomaly is actually 
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possible only for even dimensional spaces and up to now its computa- 
tion is extremely involved. The general structure of such an anomaly 
in curved (i-dimensional spaces (d even) has been studied in |TJJ]. We 
briefly mention here analysis related to this phenomenon for constant 
curvature spaces. The conformal anomaly calculation for the d— di- 
mensional sphere can be found, for example, in Ref. [EO^]. The explicit 
computation of the anomaly (of the stress-energy tensor) in irreducible 
rank 1 symmetric spaces has been carried out in [H], [T7|, using the 
zeta-function regularization and the Selberg trace formula. 

Recently the topology of manifolds have been studied by means of 
quantum field theory methods. In this approach the partition function 
of quadratic functionals play an important role. It has been shown that 
the analytic or Ray-Singer torsion (a topological invariant) [l9j occurs 
within quantum field theory as the partition function of a certain qua- 



dratic functional 0, |21]. Recall that Ray-Singer torsion T an (X) is 
defined for every closed Riemannian manifold X and orthogonal rep- 
resentation x of tti(X). The definition of the torsion involves the spec- 
trum of the Laplacian on twisted j— forms. It has been proved in 



22, |23| that when x is acyclic and orthogonal the value T an (X) coin- 
cides with the so-called Reidemeister torsion, which can be computed 
from twisted cochain complex of a finite complex by taking a suitable 



alternating product of determinants . 

The purpose of the present paper is to investigate the spectral zeta 
functions associated with a product and Kronecker sum of Laplacians 
on j — forms and to calculate in an explicit form the analytic torsion 
on closed oriented hyperbolic manifolds r\H and on a connected sum 
of such manifolds. 



2. The spectral zeta function and the trace formula 

We shall be working with irreducible rank 1 symmetric spaces X = 
G/K of non-compact type. Thus G will be a connected non-compact 
simple split rank 1 Lie group with finite center and K C G will be 
a maximal compact subgroup. Up to local isomorphism we choose 
X = SOi(d, l)/SO(d). Thus the isotropy group K of the base point 
(1,0, ...0) is SO(d); X can be identified with hyperbolic d— space H d , 
d = dimX. It is possible to view M. d , for example, as one sheet of 
the hyperboloid of two sheets in M d+1 given by q(x) = —Xq + x\ + 
... + x\ = —1, xq > with the metric induced by the quadratic form 
q(x). Let r C G be a discrete, co-compact, torsion free subgroup, and 
let x(l) = trace(x(7)) be the character of a finite-dimensional unitary 
representation x of T for 7 G T. Let = Ap be the Laplacian 



ANOMALIES AND ANALYTIC TORSION 



3 



on j— forms acting on the vector bundle V(X^) over Xp = Y\G/K 
induced by \. Note that the non-twisted j — forms on Xr are obtained 
by taking x — 1- One can define the heat kernel of the elliptic operator 
£(f) = ijS) + fcO) by 

Tr fe-' £(J) ) = ^Tr / e~ zt (z - £C>))-i djs ( 2 .1) 

V ' Z7T2 JC 

where Co is an arc in the complex plane C; the are endomorphisms 
of the vector bundle V(Xr). By standard results in operator theory 
there exist e, 5 > such that for < t < 5 the heat kernel expansion 
holds 

oo 

^' ) (t,6 W ) = E^(x)e- (A?+6W))t = E + (2.2) 

£=0 o<e<£ 

where {A^}£L is the set of eigenvalues of operator and ni(x) 
denote the multiplicity of A^. Eventually we would like also to take 
&Cj) = 0, but for now we consider only non-zero modes: + A^ > 0, 
W : Ap = 0, &<?) > 0. 

Let ao, n Q denote the Lie algebras of A, N in an Iwasawa decomposi- 
tion G = KAN. Since the rank of G is 1, dimao = 1 by definition, say 
do = M.Hq for a suitable basis vector Hq. One can normalize the choice 
of H by (3{Hq) = 1, where (3 : a — > K. is the positive root which defines 
n ; for more detail see Ref. [E5[]. Since T is torsion free, each 7 G T — {1} 
can be represented uniquely as some power of a primitive element 
5:7 = (P^ where 7(7) > 1 is an integer and 5 cannot be written as 7^ 
for 71 G r, j > 1 an integer. Taking 7 G T, 7 7^ 1, one can find t 7 > 

def 

and m 7 G M = {m 7 G K |m 7 a = am 7 , Va G A} such that 7 is G conju- 
gate to m 7 exp(t 7 ifo), namely for some g G G, g7g _1 = m 7 exp(t 7 if )- 
Besides let = trace(cr(m)) be the character of a, for cr a finite- 

dimensional representation of M. 



Theorem 2.1. (Fried's trace formula [26| j For < j < d — 1, 

Tr (V' £U) ) = I^\t : b^)+I^- 1 \t : b^)+H^\t ) b^)+H^- l \t : b^), 

(2.3) 

jW( t|6 <i>) x(l)Vol(r\G) f (r)e -^[r» + *cfl + (p D -iffl d (2 . 4) 
Air Jm. 3 



HU)^))^ Y: X(7)M'(7)- 1 C(7)X CTJ K 

V47rr ri1 
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X exp 



2 1 



(2.5) 



Po = (d — l)/2, and the function C{~f), 7 G V , defined onY — {1} by 



C{l) 



I det no (Ad( 



m 7 e 



(2.6) 



For Ad denoting the adjoint representation of G on its complexified Lie 
algebra, one can compute t 1 as follows |2"7| 



max{|c||c = an eigenvalue of Ad (7)}. 



(2.7) 



Here Cr is a complete set of representatives in V of its conjugacy 
classes; Haar measure on G is suitably normalized. In our case K ~ 
SO(d), M ~ SO(d— 1). For j = (i.e. for smooth functions or smooth 
vector bundle sections) the measure /xo( r ) corresponds to the trivial 
representation of M. For j > 1 there is a measure /v(r) corresponding 
to a general irreducible representation a of M. Let o~j is the standard 
representation of M = SO(d - 1) on A-^" 1 ). If d = 2n is even then 
Vj (0 < j < d — 1) is always irreducible; if d = 2n + 1 the every Oj 
is irreducible except for j = (d — l)/2 = n, in which case er„ is the 
direct sum of two (1/2)— spin representations <r ± : a n — cr + ©a~. For 
j = n the representation r n of K = SO(2n) on A n C 2n is not irreducible, 
T n — T n © r rT i s the direct sum of (1/2)— spin representations. The 
Harish-Chandra Plancherel measures fi a . (r) are given by the following 
theorem. 

Theorem 2.2. Let the group G = 50i(2n, 1). Then 



2n - 1 
J 



7rr 



2 4n - 4 r(n) 2 



n 

i=2 



r 2 + (n+ - -0 2 



n 

x n 

i=j+2 



r 2 + (n + --i) 2 



tanh(7rr) for < j < n—1, 

(2.8) 



x n 

«=2n-j+l 



2n - 1 

j 

r 2 + (n + 



TTT 



2 4 ™" 4 r(n) 



2n-j 

n 

i=2 



r + m + 



1 



and fx a (r) = // CT2n , ^r). 



tanh(7rr) for n < j < 2n — 1, 

(2.9) 
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For the group G = SOi(2n + 1, 1) one has 



2n 
J 



i=j+2 

( 2 ; 



for < j < n, 

2n-j+l 



II [r 2 + (n-if 



(2.10) 



7T 



2 4n " 2 r(n + 



J] [ r 2 + (n + l-^ 



2^ i=l 

for n + l<j<2n — 1 . 



(2.11) 



x j ] r 2 + (n - i) 

i=2n-j+2 

We should note that the reason for the pair of terms / w -1 )} 



{HV\HV ^} in the trace formula Eq. (2.3) is that Tj satisfies r. 
Finally using the result of Theorem 2.2. we have 



tanh(7rr) for d = 2n 

for d = 2n + 1 



ES" 1 (& {d)r n+l tanh(Trr) for d = 2n 



C {j \d) 



x 



,(d-l)/2 (j), 

C^(d) 



' d- 1 



for d = 2n + 1 



7T 



)2d-4 



r(d/2)= 



, (2.12) 



(2.13) 



where the P(r, d) are even polynomials (with suitable coefficients (d)) 
of degree d — 1 for G 7^ SO{2n + 1, 1), and of degree d = 2n + 1 for 
G = £01(271 + 1,1) [[§, 0. 

2.1. Case of the trivial representation. For j = we take = 
Since cxo is the trivial representation x<ro( m i) = 1- m this 
case Fried's formula Eq. (2.3) reduces exactly to the trace formula for 
j = pTL pa: 



w (o) M ( 0)) = x(l)vol(r\G) /■ (r)e . W)((ir + tft°)(t, fo C°)), 

47T JR 

(2.14) 

where po is associated with the positive restricted (real) roots of G 
(with multiplicity) with respect to a nilpotent factor iV of G in an 
Iwasawa decomposition G = KAN. The function H^°'(t,b^) has the 
form 
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V 4 ^ 7 eC r -{l} 

(2.15) 



2.2. Case of zero modes. It can be shown [301 that the Mellin trans- 



form of H^°'(t,0) (b^ = 0, i.e. the zero modes case) 

rt°)(s)= f I" H®(t,G)1?- x dt, (2.16) 
Jo 

is a holomorphic function on the domain Res < 0. Then using the 
result of Refs. |28|, |5| one can obtain on Res < 0, 



rt°\s) = Yl x(7)t 7 j(7)- 1 C( 7 ) / j^—^dt 

= (2po)p x(7)M(7)- 1 C(7)t; + ^i- s (t 7 Po), 
V7r 7eC r -{l} 

(2.17) 

where K v (s) is the modified Bessel function, and finally 

£(o )(s) = ^M r(s) r M t + 2 p ; X )(2p t + t 2 )- s dt. (2.18) 

7T JO 

Here ipr(s',x) = <^(logZr(s; x))/ds, and Zr(s;x) is a meromorphic 
suitably normalized Selberg zeta function |32], [33|, ^ [J^, [25|, 

3. The multiplicative anomaly 

In this section the product of the operators on j— forms £g\ = 
lP> + W\ p = 1, 2 will be considered. We are interested in multiplica- 
tive properties of determinants, the multiplicative anomaly |^, B|. 
The multiplicative anomaly F(Op ,£2 ) reads 

F(£?,£?) = det c [(g)/:W][detc(/:^)detc(4 J) )]- 1 , (3.1) 

p 

where we assume a zeta-regularization of determinants, i.e. 

det c (£W) ^ exp (-^C( 5 |4 J) )l-o) ■ (3-2) 

Generally speaking, if the anomaly related to elliptic operators is non- 
vanishing then the relation logdet(®£^) = Trlog(0£^) does not 
hold. 
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3.1. The zeta function of the product of Laplacians. The spec- 
tral zeta function associated with the product ® has the form 



c(s\®£$ ) ) = y L n tUi>IP + h S ) )"- ( 3 - 3 ) 

V £>0 V 



We shall always assume that of 1 ^ b% , say Vf 1 > b 2 ■ If of 1 = tif 1 then 
C(s|0£^) = ((2s\C&) is a well-known function. For b[ j \b [ 2 j) G R, 

set 6+ = f (b? + b { 2 j) )/2, b_ = f (b[ j) - bf)/2, thus b[ j) = b + + b^ and 



= b + -b_ 



Theorem 3.1 The spectral zeta function can be written as fol- 

lows: 



C(«l®4°) = ( 2b -)^ S ^ r u£Ht,b + )I a _i(b-t)dt, (3.4) 

where the integral converges absolutely for Res > d/4. 

This formula is a main starting point to study the zeta function. 
It expresses £(s| ®£^) in terms of the Bessel function 7 8 _i(6_t) and 

(t, 6 + ), where the trace formula applies to cjp (t, Let -£> p (j) = 

(po(p) " J? + 6? -) and A = J X (l)vol(r\G)C7^)(rf)/4. 

Theorem 3.2. For Res > d/4 t/ie explicit meromorphic continuation 
holds: 



+afr 1 \d) (?t l \s) - Et 1] (s))} +l^(s)+l^\s), (3.5) 
where 

which is an entire function of s, 



3?\s) = (BiU)B 2 (j)Y 



2B 1 (j)B 2 (j) Y +1 
Bi(j)+B 2 (j)J 



(2s - l)(2s - 2). ..(2s -(£+1)) 



,rl J+1 1 + 2 1 ( B 1 (j) - B 2 (j) \ 

xF[ —'—' 8+ 2\mrm h (3 - 7) 
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Z«\s) d M (26-)^ s ^| f H^(t,b + )I s _ h (b_t)t s ^dt. (3.8) 

and F(a, /3; 7; z) is the hypergeometric function. 

The goal now is to compute the zeta function and its derivative at 
s = 0. Thus we have 

• hl ( ] ~ € + 1 Wj) + B 2 {j)) 

'e+l i + 2 1 f B^-Biti) ^ 
2 ' 2 '2'Ui(j)+5 2 (j)y 

" E^OT 1 , (3-9) 



xF 



2(€ + l) , 

#>(0) = 4 / o ^ = ^-(1 - 2"*^W (3.10) 

J (j) (0) = 0, (3.11) 
where £>2n are the Bernoulli numbers. 

Proposition 3.3. A preliminary form of the zeta function £(s| 
a£ s = is 

c(o| ®cf) = ae L^tt E (4V)^0f +1 



i=o 2(^+1) 

+aS" 1) (d)Bp0" " + (2 " 2- 2 0^ +2 (ag>(d) + 4 _1) (^)) 



(3.12) 



Proposition 3.4. The derivative of the zeta function at s = has the 

form: 



C(oi(g)4 j) ) = A£ 

w/iere 

= & (5i(j) m + 5 2 (j) m )E 



E(4 ) (rf)^ ) + (4" 1) (^)^- 1) ) 

m 

(_!)*+! 



&k\{l-k)\(j + \-k)\ 



, (3.13) 



, (3-14) 



= b 2 { 3 ) 



e+i 



' B x (j) - B 2 (j) \ (-lY ~ (l + fc + 1)! 
. 2Sx(j) 7(^ + 1)!^ (* + l)! 



xcr„ 



' b 1 u)-b 2 uy 



(3.15) 



U) 
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'-iY 



2(£+l 



1 + e 



2nr 



(3.16) 



d 
ds 



# w) (t, &?' } ) + H ij \t, b ( 2 j) )} r l dt, (3.17) 



an 



do n = YY k= ^-\ 



3.2. The residue formula and the multiplicative anomaly. The 

value of F(Ci, C 2 ) can be expressed by means of the non-commutative 
Wodzicki residue [jlj. Let O p , p = 1,2, be invertible elliptic (pseudo-) 
differential operators of real non-zero orders a and (3 such that a + 
(3^0. Even if the zeta functions for operators 01,02 and Oi(&0 2 
are well defined and if their principal symbols satisfy the Agmon- 
Nirenberg condition (with appropriate spectra cuts) one has in general 
that F(0\,0 2 ) 7^ 1. For such invertible elliptic operators the formula 
for the anomaly of commuting operators holds: 

res [(log(Of <g>0 2 - Q )) 21 
A{O u 2 ) = A(0 2 , O x ) = \og{F{O u 2 )) = - 



2a(3(a + (3) 

(3.18) 

More general formulae have been derived in Refs. |2], |||]. Furthermore 
the anomaly can be iterated consistently. Indeed, using Eq. (3.18) we 
have 

A{O u 2 ) = C{0\OiO 2 ) - C'(0|Oi) - C'(O|0 2 ), 



A(0 1 ,0 2 ,0 3 ) = C( 



^O^-j^Cm^-AiO^O,), 

j j 



A(O u 2 , O n ) = C'(0| <g) O s ) - £ C{0\O s ) - A(o 1: o 2 ) 

j j 

-A(O u 2 , 3 )... - A(O u 2 , (3.19) 

In particular, for n = 2 and O p = C)°j' the anomaly is given by the 
following theorem. 

Theorem 3.5. The explicit formula for the multiplicative anomaly is 



A{c ( f\c ( i ) ) = AY J [of + n 



(i-i) 



(3.20) 
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where 

n (,-) = 4\d)(-iy 



+ i -^ 1 (Bi(3)-B 2 (j)fB 2 ( 3 y-> + j: il 



1 1 



x - + 



P P • (/ 



T + E 7 (MJ) - B^r'Biuy-p 

i ±i p - g - 1 j 



. (3.21) 



We note that for the four-dimensional space with G = 5*01(4, 1), one 
derives from Theorem 3.5. the result 

A(&, C 2 ) = -A$ (b? - bf) 2 - At l) (bt 1} ~ bt l) f , (3.22) 

which also follows from Wodzicki's formula (3.18), where we should set 

4. The conformal anomaly and associated operator 

products. 

In this section we start with a conformal deformation of a metric and 
the conformal anomaly of the energy stress tensor. It is well known 
that (pseudo-) Riemannian metrics g^ v { x ) and g^ u {x) on a manifold 
X are (pointwise) conformal if g^ u {x) = exp(2/)g Mi/ (x), / G C°°(R). 
For constant conformal deformations the variation of the connected 
vacuum functional (the effective action) can be expressed in terms of 
the generalized zeta function related to an elliptic self-adjoint operator 



O 13 



5W = -C(0|O) log/i 2 = J < T^(x) > 5g^(x)dx, (4.1) 

where < T^ u (x) > means that all connected vacuum graphs of the 
stress-energy tensor T^ v {x) are to be included. Therefore Eq. (4.1) 
leads to 

<T;(x)>=(Vo1(X))- 1 C(0|O). (4.2) 

The formulae (3.5), (3.9), (3.10) and (3.11) give an explicit result for 
the conformal anomaly, namely 

+a { ^ 1 \d)B p (j - l)^ 1 ] + (2 - 2- 2i )B 2e+2 (ag\d) + 4f , 

(4.3) 
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where d is even. For B 1)2 (j) = B(j), B 12 (j — 1) = B(j — 1) the anomaly 
(4.3) has the form 



d 

t+i 

m 



< Tjt(x) > {£W q £W) = (47r)rf/2r(d/2) g 2(£Tl) {[^^ 

+ag- 1) (d)B(j - + (2 - 2- 2 0H 2 , +2 (ag>(d) + o^W))} ■ 

(4.4) 

Note that for a minimally coupled scalar field of mass m, -B(O) = 
Po + The simplest case is, for example, G = SO\(2, 1) ~ SL{2, R); 
besides X = H 2 is a two-dimensional real hyperbolic space. Then we 
have Pq = 1/4, a 2 Q — 1> an d finally 

< r;(x g r\e 2 ) > {ci0) ® m) = ~ (& + ~) . ( 4 - 5 ) 

For real <i-dimensional hyperbolic space the scalar curvature is R(x) = 
—d(d — 1). In the case of the conformally invariant scalar field we have 
B(0) = p 2 + R(x)(d-2)/[A(d-l)}. As a consequence, B(0) = 1/4 and 

I 2 1 



,(»), 

_L 1 

£=0 

x{2- 2 ^ 2 + (l-2- 2 ^)^ +2 }. (4.6) 

Thus in conformally invariant scalar theory the anomaly of the stress 
tensor coincides with one associated with operator product. This state- 
ment holds not only for hyperbolic spaces considered above but for all 
constant curvature manifolds as well ||T7|| . 

5. Product of Einstein manifolds 

In this section we consider the problem of the global existence of 
zeta functions on (pseudo-) Riemannian product manifolds, a product 



of two Einstein manifolds |39L 40 



(X, g, V) = (X 1; gl , Vi) ® (X 2 , g 2 , P 2 ), (5.1) 
where g = gi ® g 2 and the metric g separates the variables, i.e. 

ds 2 = g af3 {x)dx a g> dx p + s lu ,{y)dy ,i <g> dy v . (5.2) 
The tangent bundle splits as TX = TX\ ® TX 2 and V = V\ + V2, 
where V p (p = 1, 2) are the corresponding projections on TX p , 



v 2 = id, g{vx,vy) = g{x,y), x,yeG{x), (5.3) 
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and Q{X) being the Lie algebra of vector fields X and ^ on I. The 
trivial examples of an almost-product structure are given by the choices 
V = ±Id (± identity). 

We recall some facts about Einstein manifolds. An almost-product 
(pseudo-) Riemannian structure (X, g, V) is integrable iff AV = for 
the Levi-Civita connection A of g. The two integrable complementary 
subbundles, i.e. both foliations, are totally geodesic |39|, fl0| . Let X be 
a pseudo-Kahler manifold. Such a manifold is an Einstein manifold iff 
in any adapted coordinates (x a , y a ) both metrics gi and g2 are Einstein 
metrics for the same constant A 150, 001, HI 



i.e. 



Ric(g) = Ag. (5.4) 
Our consideration will be restricted to only locally decomposable man- 
ifolds. A wide class of (pseudo-) Riemannian manifolds includes non- 
locally decomposable manifolds as well, which are given by warped 
product space-times [[42|, |43|, |4]]. Note that many exact solutions of 
Einstein equations (associated with Schwarzschild, Robertson- Walker, 
Reissner- Nordstrom, de Sitter space-times) and p-brane solutions are, 
in fact, warped product space-times. 

5.1. The explicit form of the zeta function. We study the zeta 
function 

Res>d. (5.5) 

Let B = B 1 (j) + B 2 (k), A p = f X (l)vol(r p \G)CW(d)/4, y p (s; z) = f 
s/2 + (— p = 1,2 (s, z G C). The explicit construction gives 
more, namely 

Theorem 5.1. The function ((s\£^ C^) admits an explicit mero- 
morphic continuation to C with at most a simple pole at s = 1, 2, d. 
In particular on the domain Res < 1, 

■2 



7T 



A ± A 2 C^\d) + C {j - 1 \d) C {k \d) + C { - k - l \d) 



x 



» » [ogg) + aV\d)} [q£>(d) + q&^rf) 
X hhhh (m -£)\(H -v)\ 

joo r^m-iisectf^Kr-uis -£-v-l;r 2 + B, n)dr 
(s - l)(s - 2)...(s -(£ + l))(s -(£ + 2))...(s -(i + l + v+1)) 

n-l 



+C^\d)V 1 sm(ns) £ [a<£ (d) + (d) 

m=0 



r 



2m+l 



tanh(7rr) 
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x ^r 2 (po - k + t + Vr 2 + B; X2 ) faVr 2 + 5 + t 2 ) "* di 
+ ^°°^r 2 (po - fc + 1 + t + Vr 2 + B; X2 ) (2Wr 2 + B + t 2 )~ S dt 

n—l - 

+C^\d)V 2 sm(7rs)Y,[ai k l(d) + at 1 \d)} / r 2m+l tanh(Trr) 

m=0 JM 

x * ri (po - j + t + Vr 2 + B; xi) (2tVr 2 + B + t 2 ) "* dt 
+ *n (po - 3 + 1 + t + Vr 2 + 5; xi) (2tVr 2 + 5 + t 2 )~* di 

+ 2^y / Rc _ + f )][™-(f - *)]r(* + |)r(| - *) 
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dr 



dr 



x 



( (po - J + t + B{- xi J [2tB* + t 2 



-yi(s,z) 



a ^ \dt 



x 



#r 2 [po-k + t + Bi;x2) [2tB^+t 



"3/2 (s,z) 



+^r 2 [po-k+l + t + Bh X2 ) (2tBi + t 2 J rftj , (5.6) 

/or any —1/2 < £ < 1/2. For a, 5 > 0, 1/ G N £/ie entire function 
K. u (s;5,a) of s is define by 



K, v (s\ 5, a) 



def f r 2u sech 2 (ar)dr 



(5.7) 



(5 + r 2 ) s 

All of the integrals are entire functions of s. 

The simplest case is, for example, G = SO\(2, 1) ~ SL(2, R); besides 
X = H 2 is a two-dimensional real hyperbolic space. Then for j = k = 
0, Ti = T 2 = T we have a 2 °o(2) = 1 and Po- ( r ) = 7rrtanh(7rr) and for 
Res < 1 we have 

TV A 2 r°° / \ 

C(s |£(0) £ (0)) = 1 I sech 2 (7rr)/C (s - 2; r 2 + 5, tt) dr 

2 



2 /" 
+— Ai sin(7rs) / rtanh(7rr)dr 

7T Jr 



dt 



x^°°^ r Q + t + Vr 2 + B; x) (2tVr 2 + 5 + t 2 ) 

■ 2^rw Lj**^* + i )][sin7r( i - z)nz + i )r( i - z)dz 
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X Jo ^{2 +t + S ° 5 X J ( 2tjB ° 2 + j d * 
/•°° /l I \ / I \-V2(s;z) 

X i ^ r (2 + 1 + B§ 5 X J V tB§ + J dt ' (5 ' 8) 

where B = \ + 26^ and B(0) = \ + 

6. Quadratic functional with elliptic resolvent and 

analytic torsion 

Let x '■ ^lp^r) 1 — ► ^(y, (• , -)v) be a representation of 7r 1 (X r ) on 
a real vector space V. The mapping % determines (on the basis of a 
standard construction in differential geometry) a real flat vector bundle 
£ over Xr and a flat connection map -D on the space f2(Xr,£) of dif- 
ferential forms on Xr with values in £. One can say that x determines 
the space of smooth sections in the vector bundle A(TX r )* ® £. 

Let denote the restriction of D to the space fP (Xr, £) of j— forms 
and let 



H j (D) = ker( J D i ) [rm(D>,,-_i)] (6.1) 
be the corresponding cohomology spaces. There exists a canonical 
Hermitian structure on the bundle x which we denote by (* , -)y. The 
above mentioned Hermitian structure determines for each x G X-p a 
linear map (• , -) x : £ x (g)^ 1 — > M, and the diagram for linear maps hold 
(see Ref. (45| for details) 



(A p (T x X r )* ® £,) (g) (A^T.Xr)* ® &) ^ A^T^r)* ® (& ® &) 

Ml A p+<? (T x X r )*, (6.2) 

where the image of u x (g> t x under the first map has been denote by 
(u x A T x ) x . 

We define the quadratic functional Sd on fi J '(Xr,£) by 

S D {u)= j (u{x)A(D jt j)(x)) x . (6.3) 

One can construct from the metric on Xp and Hermitian structure in 
£ a Hermitian structure in A(T x Xr)* <S> £ and the inner products (• , -)j 
in the space f2 J (Xr,£). Thus 

So(w) = (w ) Tw) j , T = (6.4) 

where (*) is the Hodge-star map. Recall that the map T is formally self 
adjoint with the property T 2 = D*Dj. Let (3 P , -D p ) be a complex, i.e. 
a sequence of vector space 3 P and linear operators D p acting from the 
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space 3 P to the space 3 P +i, = Zd+i) an d satisfying D p+ iD p = for 
all p — 0, 1, d. Let us define the adjoint operators D* : Z P +i 1 — ► 3 P 
by < a, D p b > p+1 =< D*a, b > p . For the functional (6.3) there is a 
canonical topological elliptic resolvent R(Sd) (a chain of linear maps) 

h^-> fi°(X r ,0 ^> ... ^ ^(Xr.O to ker(S D ) ^ 0. (6.5) 

From Eq. (6.5) it follows that for R(S D ) we have W(R(S D )) = 
H d ~ p (D) and ker^) = ker(T) = ker(^). 

Let us choose an inner product in each space H p (R(Sd)). 

The partition function of Sd associated to points in the moduli space 
of flat gauge fields uj(x) on Xp with the resolvent (6.5) can be written 
in the form (see for example Ref . |45| ) 

Z(P) = Z(0; R(S D ), (• , -) H , (• , ■)) = X(/3, C, r])r(Xr, X , (■ , -)h) 1/2 , 

(6.6) 

where (3 = iX, A G M, X(/3, £, v) is known function of (3. The function 
£ appearing in the partition function above can be expressed in terms 
of the dimensions of the cohomology spaces of D, 

C = C(0||T|) = -^(-irdimH^R(S)) = (-l) n+1 ^T(-l) q dimH q (D). 

p=0 q=0 

(6.7) 

The dependence of rj = rj(0\Tr>) on the connection map D can be ex- 
pressed with the help of formulae for the index of the twisted signature 
operator for a certain vector bundle over X r ® [0, 1] PBfl . It can be 
shown that [|45| 

V (s\B®) = 2r](s\T DW ), (6.8) 

where the B^' are elliptic self adjoint maps on f2(Xr,£) defined on 
j-forms by 

Bf = H) A ^ (*D« + (-l) j+1 DW*) . (6.9) 

In this formula A(j) = (j + 1) (j + 2) + n + 1 and for the Hodge star-map 
we have used that *a A (3 = (a, 0) vo i- From the Hodge theory 

d 

dimker5 w = £ dimH\D {l) ). (6.10) 

9=0 

The metric-dependence of rj enters through L r (TXr) and r)(0\T D (o)), 
where L r (TX-p) is the r'th term in Hirzebruch's L-polynomial (see 
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for detail Ref. g|) and is an arbitrary flat connection map on 
Q(X-p, £)• F° r d = 3 the only contribution of the L-polynomial is L = 1 
and the metric-dependance of 77 is determined alone by r/(0|T D (o)). 

The factor r(Xr, %, (• , •)#) is independent of the choice of metric 
g on X p5|. In fact this quantity is associated with the analytic 



(Ray-Singer) torsion T an (Xr) [[19] of the representation x °f 7I "i(-^r) 
constructed using the metric g. If H°(D) ^ and H q (D) = for 
q — 1, n, <i = 2n + 1 the dimension of X, then the product 



r(X r , X , (• , ■>„) = T an (X r ) ■ Vol(X r )- dim "°^, (6.11) 
is independant of the choice of metric g, i.e. the metric dependence of 
the Ray-Singer torsion T an {X r ) factors out as Vol(X r )~ dim ^° {D) . 

6.1. Connected sum of 3-manifolds. Recall that an embedding of 
the co homology H(Xy] £) into f2(Xr; £) as the space of harmonic forms 
induces a norm | ■ \ RS on the determinant line detif(Xr;£). The Ray- 
Singer norm || • || on detif(Xp;£) is defined by 



\RS d^f 



dimX \ ( A \ 1 

II [exp (-£CM£»)U) 



1 (-1) j J/2 



(6.12) 



where the zeta function ((s\C^) of the Laplacian acting on the space of 
j— forms orthogonal to the harmonic forms has been used. For a closed 
connected orientable smooth manifold of odd dimension and for any 
Euler structure r] G Eul(X) the Ray-Singer norm of its cohomological 
torsion T an (X r ,?7) e detif(X r ;£) is equal to the positive square root 
of the absolute value of the monodromy of £ along the characteristic 
class c(r?) G H\X r ) 0: | |T an (X r )| \ RS = [det^c^)! 1 / 2 . In the special 
case where the flat bundle £ is acyclic (if 9 (Xr; £) = for all q) we have 

[T ari (X r)?7 )] 2 = |deV(?7)| II 



j=0 



d 



exp --C(s|£ (i) )| s =o 
V as i 



(6.13) 

If £ is unimodular then |det^c(r/)| = 1 and the torsion T an (X r ) does 
not depend on the choice of rj. For odd-dimensional manifold the 
Ray-Singer norm is a topological invariant: it does not depend on 
the choice of metric on X and £, used in the construction. But for 



even- dimensional X this is not the case 48 



Suppose the flat bundle £ is acyclic. The analytic torsion T an (r\HI 3 ) 
can be expressed in terms of the Selberg zeta functions Zj(s,Xj)- In- 
deed the Ruell zeta function in three dimension associated with the 
closed oriented hyperbolic manifold Xp = r\H 3 has the form 
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n x (s) = Y[z J (j + s, Xj ) { - 1)J 

j=0 



Z (s,xo)Z 2 (2 + s,X2) 
Z 1 (l + s, X i) 



(6.14) 



The function 1Z x (s) extends meromorphically to the entire complex 
plane C [|49[| . For the Ray-Singer torsion one gets f5(| 



PUr\e 



=72x(0)= -^r e,tp 



Vol(^)\ 



3tt 



(6.15) 



where Vol(jF) is a volume of the fundamental domain T of r\H 3 . In the 
presence of non- vanishing Betti numbers bj = bj(X r ) we have [EDI fll] 



3\l2 



[T an (r\H 3 )] 



(6 1 -6 )![4 bo) (2,Xo)] 



r(bi-b ). 



exp 



Vol(^)\ 



3tt 



(6.16) 



[b^zr ~v,xi) 

In Chern-Simons theory the partition function at level k (A = 27T&;) 
depends on a framing (i.e. on a trivialization of the normal bundle to 
the link) of twice the tangent bundle as a Spin (6) bundle, henceforth 
referred to as 2-framing. In particular for the 577(2) theory in the large 
k— limit the partition function for a connected sum X = X r i# X r2 i^ 



# Xr jv can be written as follows [52 



Z(X) 



(6.17) 



[Z(S*)] N - 1 ' 

Eq. (6.17) holds for any given 2-framings among Xr, p and Xr, q , p, q < 
iV, the induced 2-framing on Xr jP #Xr iq , and a canonical 2-framing on 
S 3 . Since the Ray-Singer torsion on S 3 is to be equal one, Z(8 3 ) = 
V^ttA; -3 / 2 , the partition function associated with the semiclassical ap- 
proximation (k — > oo) takes the form 



k 3 



S- N 



N 



2tt 2 



\Z ac {X T/ ) = V2ixk-i® |^ X(£) ((#, (6.18) 

while in the presence of non- vanishing Betti numbers b 3 n = bj (Xr,e) one 
gets 

■ Y r (6ii-6 M )!(^S 6M) (2,Xo)) a " 



£ sc (j£) = V2irk~ 



(b e\) 2 Z 



(pu-boe), 
1 I 



x exp 



12tt 



0Vol(^ 



(6.19) 
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In the case of non-trivial characters bo(Xr,e) =0. If b± = then Eq. 
(6.15) holds. 

For the trivial character one has bo — 1 (for any closed manifold) and 
bi = for an infinite number of Xp = r\H 3 . The function TZ(s) has a 
zero at s = of order 4 PB" |. However, there is a class of compact suffi- 
ciently large hyperbolic manifolds which admit arbitrarly large values 
of bi(Xr)- Sufficiently large manifolds Xr contain a surface S whose 
fundamental group tti{S) is infinite and such that ni(S) C 7i"i(Xr). 

It seems that the most important problem in 3-topology is the clas- 
sification problem. In general, hyperbolic manifolds have not been 
completely classified and therefore a systematic computation is not 
yet possible. However this is not the case for certain sufficiently large 



manifolds, the Haken manifolds [|53 |. There exists an algorithm for 



the enumeration of all Haken manifolds and there exists an algorithm 



for recognizing homeomorphy of the Haken manifolds |54| . Both al- 
gorithms depend on normal surface theory in the manifold, developed 
primarily by Haken. These manifolds give an essentional contribution 
to the partition function (6.19). 



7. Concluding remarks 

We have obtained an explicit formula for the multiplicative anomaly 
(Theorem 3.5.). The anomaly is equal to zero for d = 2 and for the odd 
dimensional cases. We have preferred to limit ourselves here to discuss 
in detail various particular cases and emphasize the general picture. 
It seems to us that the explicit results for the anomaly (3.20), (3.22) 
are not only interesting as mathematical results but are of physical 
interest . 

Besides we have considered product structures on closed real hy- 
perbolic manifolds. In fact the explicit form of the zeta function on 
product spaces (Theorem 5.1.) is derived. As an example the zeta 
function associated with the Kronecker sum of Laplacians on twisted 
forms is calculated in two-dimensional case. 

Finally the explicit formulae for analytic torsion T an (Xp) (a topo- 
logical invariant) on manifolds Xr = r\EI d and on a connected sum of 
such manifolds are derived. We hope that proposed discussion of this 
invariants will be interesting in view of future applications to concrete 
problems in quantum field theory. 
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